The objective of this paper is to show an approach to the fractional version of the Sturm-Liouville problem, by using different fractional operators that return to the ordinary operator for integer order. For each fractional operator we study some of the basic properties of the Sturm-Liouville theory. We analyze a particular example that evidences the applicability of the fractional Sturm-Liouville theory. 
Introduction
The Sturm-Liouville problem was firstly studied over 170 years ago and it has many applications in different areas of science, for example, engineering and mathematics ( [1] [2] [3] ). The classical Sturm-Liouville problem for a linear differential equation of second order is a boundary-value problem as the following one:
1 ( ) + 2 ( ) = 0
1 ( ) + 2 ( ) = 0 (3) * E-mail: mrivero@ull.es † E-mail: jtrujill@ullmat.es ‡ E-mail: velascom@unizar.es (Corresponding author) This differential equation used to be written as are positive in that interval. These conditions are satisfied in many significant problems in mathematical physics, for example, the equation + λ = 0 that is obtained by applying the method of separating variables to the equation that studies the problem of heat conduction in a bar. Also, other differential equations can be transformed into Sturm-Liouville equations, for example Bessel, Hermite, Jacobi and Legendre equations. Fractional Calculus is the emerging mathematical field devoted to study convolution-type pseudo-differential opera-tors, specifically integrals and derivatives of any arbitrary real or complex order, that generalize the ordinary integrals and derivatives. In the last three decades, the interest in these operators and their applications has became of great importance in many fields of science and engineering, for example mechanics, electricity, chemistry, biology, economics, control theory and signal and image processing, due to the Fractional Calculus constitutes a meeting place of multiple disciplines: stochastic processes, probability, integro-differential equations, integral transforms, special functions, numerical analysis... These fractional operators are non-local and they have certain capacity of memory associated their convolution kernel, so Fractional Calculus became a powerful framework to model many real processes of anomalous systems ( [4] [5] [6] [7] [8] ) by using fractional ordinary or partial differential equations and systems of these fractional equations ( [9] [10] [11] [12] ). In this sense, the introduction of fractional operators for building a fractional Sturm-Liouville theory can be interesting to generalize the classical theory and to give theoretical support to the numerical results obtained by several authors recently (for example, [13] [14] [15] [16] [17] [18] [19] [20] [21] ).
Some previous works have been published about the fractional Sturm-Liouville problem with a particular fractional operator [22, 23] , but the problem of this operator is that it does not include the classical operator for integer order. In this paper, we propose other fractional operators to construct a fractional Sturm-Liouville theory that generalizes the ordinary Sturm-Liouville faithfully and that returns to the classical theory for integer derivative orders in the fractional operator. We investigate the eigenvalues and eigenfunctions associated to these operators and also theirs properties, with the objective of applying this generalized Sturm-Liouville theory to fractional partial differential equations. So the ordinary Sturm-Liouville problem is intimately related to the search of solutions for partial differential equations, through the method of separation of variables. In this sense, the study of a fractional Sturm-Liouville theory would allow to apply its results to more complex problems, for example by giving support to solve fractional partial differential equations with methods of separation of variables where eigenvalues and eigenfunctions of fractional Sturm-Liouville problems are introduced. This paper is organized as follows. In Section 2, preliminaries definitions and properties about Fractional Calculus are shown. In Section 3, we establish new fractional generalizations of the classic Sturm-Liouville problem and we study the properties of the eigenfunctions and eigenvalues associated to the different fractional differential operators of the new fractional Sturm-Liouville theory. An illustrative example of a Sturm-Liouville fractional problem is solved in Section 4. Finally, in Section 5 we introduce the conclusions of this theory.
Fractional preliminaries
There exist several definitions of fractional operators. In this section, we introduce the fractional derivatives and integrals used in this work and some their properties (see also [24] [25] [26] [27] [28] [29] [30] ).
Definition 1.
Let α > 0, with − 1 < α < and ∈ N, [ ] ⊂ R and let be a suitable real function (for example, it suffices if ∈ L 1 ( )). The Riemann-Liouville fractional operators are:
where D is the usual differential operator.
Definition 2.
Let α > 0, with − 1 < α < and ∈ N, [ ] ⊂ R and let be a suitable real function (for example, it suffices if ∈ L 1 ( )). The Caputo fractional derivative is:
The following identity is well-known for a suitable function f (for example, n-times derivable):
(11) Thus, we have:
Definition 3.
Let α > 0, with − 1 < α < and ∈ N, and let be a suitable real function (for example, it suffices if ∈ L 1 (R)).
The Liouville fractional operators have the following forms for ∈ R:
Next, some properties of these fractional operators are shown:
Property 2.
Let ∈ L 1 (R), then for in R:
Property 3.
(α ≤ 0 and β > 0)
In particular, it is verified:
Property 4.
Let λ > 0 and (α) ≥ 0, then:
The following rules for fractional integration by parts for the Riemann-Liouville, Caputo and Liouville fractional derivatives hold:
Lemma 2.
In particular for 0 < α < 1:
Fractional Sturm-Liouville problem
We will consider a fractional lineal transform of 2α order, 1 2 < α ≤ 1, as a differential operator in the form: 
Definition 4.
Let L α : S ⊂ V → V , with S a subspace of the vector space V . L α is symmetric respect to the internal product in V (and a self-adjoint operator) if:
In particular, for two real-valued functions in the interval [ ] the internal product is:
Definition 5.
We say that a fractional problem with boundary conditions for differential equations of 2α order is constituted by:
• A fractional differential equation:
with
• Two boundary conditions:
where α β γ = 1 2 are constants. 
Proof.
Definition 6.
We consider that a Riemann-Liouville fractional SturmLiouville problem is a fractional problem with boundary conditions in the form: In these conditions, the mentioned problem verifies the following properties:
Property 5.
All of the eigenvalues of the fractional Sturm-Liouville problem are real.
Proof. Let us suppose that λ is a complex eigenvalue of the problem (43), (44), (45), with its corresponding eigenfunction φ, possibly complex-valued. Then the eigenvalue and its eigenfunction verify
and taking the complex conjugated it is verified
Now for the Lemma (4) we obtain
Since this last integral is always positive, the conclusion is λ =λ, that is, the eigenvalue λ is real.
Property 6.
If φ 1 and φ 2 are two eigenfunctions of the fractional Sturm-Liouville problem corresponding to eigenvalues λ 1 and λ 2 , respectively, with λ 1 = λ 2 , then
that is, the eigenfunctions corresponding to different eigenvalues have the property of orthogonality with respect to the weight function .
Proof. Let λ 1 , λ 2 be eigenvalues with the corresponding eigenvalues φ 1 and φ 2 , and such that λ 1 = λ 2 . These eigenvalues and eigenfunctions verify:
By multiplying the equations (50) and (51) with φ 2 and φ 1 , subtracting these equations and integrating over the interval [ ], the following relation is obtained:
and the right side of this relation values 0 by Lemma (4). Since λ 1 = λ 2 , the orthogonality for the eigenfunctions φ 1 and φ 2 is verified. Now we will prove under which conditions the eigenvalues of the fractional Sturm-Liouville problem (43)-(45) are simple; that is, to each eigenvalue there corresponds only one linearly independent eigenfunction, apart from a constant. For that we will use a similar technique to such given in [23] .
Let λ an eigenvalues of the mentioned problem, and φ an eigenfunction for it. The equation (43) (53) can be written as 
Therefore, taking into account such equation, the boundary conditions (44)-(45) can be wrtten in terms of the constants ξ 1 , ξ 2 as follow
Moreover,
and then
where
From the last expression and the Theorem 9 in [23] , we obtain the following property.
Property 7.
Let 1/2 < α ≤ 1. Then, unique continuous eigenfunction φ for the problem (43)- (45) corresponding to each eigenvalue exists, apart from a constant, under the following condition 
Remark 1.
For this fractional operator, it is still an open problem to prove that the eigenvalues are separated and form an infinite sequence, where the eigenvalues can be ordered according to increasing magnitude so that
and λ → ∞ as → ∞.
In these conditions, by keeping in mind the results of properties 5, 6 and 7, we could use the normalized eigenfunctions φ 1 φ 2 φ of the fractional Sturm-Liouville problem (43)-(45) to obtain a series expansion for a function :
whose coefficients are given by
(65) It is expected that under certain regularity conditions, for example and be piecewise continuous on ≤ ≤ , the series expansion (64) will converge to 
Remark 2.
For α = 1, the fractional Sturm-Liouville problem (43)-(45) turns into the ordinary Sturm-Liouville problem, and this fact could allow us to generalize the classical Fourier series expansion by sines and cosines, although for this objective it would be necessary to study the zeros of the eigenfunctions associated to the specific boundary value problem in each case.
Similar results can be given for the fractional SturmLiouville problem with Caputo and Riemann-Liouville fractional derivatives. By the rules for fractional integration by parts (31)-(34) for the Caputo fractional derivatives, the following identity is hold for the operator
Lemma 5. 
Definition 7.
A Caputo fractional Sturm-Liouville problem is a fractional problem with boundary conditions in the form:
+ is a self-adjoint operator and the constants α β and the functions verify the same conditions that in Definition 6.
And then, by using Lema 5 analogous properties to the properties 5, 6 and 7 of the problem with RiemannLiouville fractional operator can be easily proved. 
Definition 8.
We consider that a Liouville fractional Sturm-Liouville problem is a fractional problem with boundary conditions in the form:
So similar results to the properties 5, 6 and 7 of the Riemann-Liouville fractional Sturm-Liouville problem are proved for the Liouville operator too, by considering that in this case the interval of integration is (−∞ ∞). 
Particular example
with particular boundary conditions, for example (0) = 0 (77)
Remark 3.
Note that for α = 1 we obtain the classical second order operator D 2 . However, for α = 1 2 we have not the operator D in general, except for continuous functions that is the case that we will consider.
If λ > 0 then the following properties are verified:
Property 9.
The second equality is demonstrated of analogous form.
Then the equation (76) for λ > 0 has the general solution:
Moreover, L α is a self-adjoint operator, that is < L α >=< Lα > for all ∈ C (R) using Lemma 6. And then if we consider the interval [ ] the fractional Sturm-Liouville problem (76), with certain suitable boundary conditions, verifies the properties 5, 6 and 7.
In particular, if we take the homogeneous boundary conditions 
Conclusions
In this paper we use different fractional composition operators involving Riemann-Liouville, Caputo or Liouville fractional operators to propose a fractional approach to the ordinary Sturm-Liouville problem. The classical properties of the Sturm-Liouville theory are analyzed for the case of the eigenvalues and eigenfunctions of our fractional Sturm-liouville problems and we proved that in the fractional case the eigenfunctions are orthogonal and the eigenvalues are real and simple. In these conditions, we conjecture that these eigenfunctions and eigenvalues will allow to define a new kind of series expansion that depends on a fractional parameter. The applicability of the results is evidenced with an example of a 2α-order fractional differential equation, 1 2 < α ≤ 1, which is related to other more complex problems, in particular to the ordinary heat equation and its resolution by means of the method of separation of variables for the classical problem with α = 1. This leads us to think about the utility of a fractional generalization of the Sturm-Liouville theory for giving support to the method of separation of variables in the resolution of fractional partial differential equations, as we will study in future works.
